We study four dimensional N = 2 supersymmetric gauge theories on R 3 × S 1 with a circle of radius R. They interpolate between four dimensional gauge theories (R = ∞) and N = 4 supersymmetric gauge theories in three dimensions (R = 0). The vacuum structure can be determined quite precisely as a function of R, agreeing with three and four-dimensional results in the two limits.
Introduction
In [1, 2] , the dynamics of the Coulomb branch of N = 2 super Yang-Mills theory was analyzed using general constraints of supersymmetry and low energy effective field theory -extended, crucially, by allowing for the possibility of duality transformations.
The purpose of the present paper is to study the same theory compactified or reduced to three dimensions.
Compactification to three dimensions means that one formulates the quantum theory on R 3 × S 1 R , where S 1 R is a circle of circumference 2πR. For R → ∞ one should recover the four-dimensional solution of [1, 2] .
Dimensional reduction means instead that at the classical level, one takes the fields to be independent of the fourth dimension, and then one quantizes the resulting threedimensional theory. Intuitively, one would expect that this three-dimensional theory should be equivalent to the small R limit of compactification. After all, the energetic cost of excitations that carry non-zero momentum along S 1 R diverges as R → 0. In section two of this paper, the Coulomb branch of the three-dimensional theory will be analyzed, for gauge groups SU (2) and U (1). In fact, drawing upon ideas of [3, 4] , results on this subject have been inferred recently from string theory [5] . Here we will show what can be learned about the problem using some simple arguments of field theory, and in particular we recover many of the results of [5] . In section three, we analyze the four-dimensional quantum theory on R 3 × S 1 R using some simple field theory arguments, among other things verifying that the large R limit gives back the four-dimensional theory while the small R limit gives the three-dimensional theory. In section four we recover and explain results of section three from the standpoint of string theory.
The Three-Dimensional Theory

The Problem
We will here be discussing three-dimensional supersymmetric gauge theories which have N = 4 supersymmetry in the three-dimensional sense (corresponding to N = 2 in four dimensions). They can be constructed by dimensional reduction of six-dimensional N = 1 super Yang-Mills theory to three dimensions. This is a convenient starting point in understanding the field content and symmetries of the models. First we consider the pure gauge theories, without matter hypermultiplets.
In six dimensions, the fields are the gauge field A and Weyl fermions ψ in the adjoint representation of the gauge group G. There is an SU (2) R symmetry that acts only on the fermions; the fermions and supercharges transform as doublets of SU (2) R .
Upon dimensional reduction to three dimensions -that is, taking the fields to be independent of three coordinates x 4,5,6 -one obtains a theory with the following additional structures. The last three components of A become in three dimensions scalar fields φ i , i = 1, 2, 3, in the adjoint representation. These scalars transform in the vector representation under the group of rotations of the x 4,5,6 ; we will call the double cover of this group SU (2) N . Note that in reduction to four dimensions, only two such scalars appear, and instead of SU (2) N , one gets only a U (1) symmetry of rotations of the x 5, 6 plane. This symmetry is often called U (1) R , and has an anomaly involving four-dimensional instantons.
In three dimensions, because the group SU (2) N is simple, there is no possibility of such an anomaly. Finally, three dimensional Euclidean space R 3 has a group of rotations whose double cover we will call SU (2) E .
Under SU (2) R × SU (2) N × SU (2) E , the fermions transform as (2, 2, 2), as do the supercharges (so that SU (2) N is a group of R symmetries just like SU (2) R ), while the scalars transform as (1, 3, 1) .
Now to formulate the problem of the Coulomb branch, the starting point is the potential energy for the scalars. This arises by dimensional reduction from the F 2 kinetic energy of gauge fields in six dimensions, and is
where e is the gauge coupling. For the classical energy to vanish, it is necessary and sufficient that the φ i should commute. One can consequently take them to lie in a maximal commuting subalgebra of the Lie algebra of G. If G has rank r, the space of zeroes of V , up to gauge transformation, has real dimension 3r. A generic set of commuting φ i breaks G to an Abelian subgroup U (1) r . In addition to the φ i , there are then r massless photons. Since a photon is dual to a scalar in three space-time dimensions, there are in all 4r massless scalars -3r components of φ i and r duals of the photons.
Are these 4r scalars really massless in the quantum theory? The N = 4 supersymmetry makes it impossible to generate a superpotential, so there are only two rather special ways to have masses. One possibility is to include a three-dimensional Chern-Simons interaction, with a quantized integer-valued coupling k. For non-zero k, the modes described above do indeed get masses, and the problem we will pose in this paper of studying the Coulomb branch does not arise. (There is an interesting question of whether the theory with k = 0 has a supersymmetric vacuum; at least for large k, the answer can be seen to be "yes" by using perturbation theory in 1/k.) If the gauge group G has U (1)
factors, it is possible to include Fayet-Iliopoulos D-terms (transforming as (3, 1, 1) under SU (2) R × SU (2) N × SU (2) E ), again giving mass to some modes. In this paper, we will mainly consider the case that G is semi-simple, so that D-terms are impossible; but even when we consider G = U (1), we will focus on the case that the D-terms are absent.
With these restrictions, then, the 4r scalars are really massless and parametrize a family of vacuum states. (This is also true later when we include hypermultiplets.) Moreover, by considering the region of large φ i , we know that for a generic vacuum in this family, the physics is free in the infrared and can be described by a conventional low energy effective field theory. The most general low energy effective action for 4r massless scalars in three dimensional N = 4 supersymmetry is a sigma model with a target space that is a hyper-Kahler manifold of quaternionic dimension r. Thus, the moduli space M of vacua is to be understood as such a hyper-Kahler manifold.
In this paper, we will only consider in detail the cases G = SU (2) and G = U (1), for which r = 1, and M is simply a hyper-Kahler manifold of real dimension four. Moreover, this manifold has a non-trivial action of SU (2) N , which highly constrains the problem; the hyper-Kahler manifolds we need are (with one easy exception, the reason for which will emerge) to be found in the classification in [6] of certain four-dimensional hyper-Kahler manifolds with SO(3) symmetry.
So far we have discussed the pure gauge theories. It is also possible to include matter hypermultiplets. For G = SU (2), we will consider in some detail the case of matter hypermultiplets in the doublet or two-dimensional representation of G. The basic such object is a multiplet that contains four real scalars that transform as (2, 1, 1, 2) under
with fermions transforming as (1, 2, 2, 2). For somewhat quirky reasons, such a multiplet is sometimes called a half-hypermultiplet. In [1] , the G = SU (2) theory was studied (in four dimensions) with any number N f of doublet hypermultiplets, or in other words 2N f half-hypermultiplets. With this notation, it appears that we should allow for the case in which N f is a half-integer rather than an integer, but at this point some subtleties involving global anomalies intervene. In four dimensions,
given the fermion content of the half-hypermultiplet, the theories with half-integral N f are simply inconsistent because of a Z 2 global anomaly [7] . In three dimensions, the situation is somewhat different. The theories with half-integral N f exist, but for those theories the Chern-Simons coupling k cannot vanish, and the Coulomb branch that we will be studying in this paper does not exist. In fact, because of a global anomaly (see p. 309 of [8] ), k is congruent to N f modulo Z, and can vanish only if N f is integral.
3 So we will only consider integer N f in this paper.
For the other case G = U (1), we will consider the behavior with an arbitrary number M of hypermultiplets of charge one.
Until further notice, all of our hypermultiplets will have zero bare mass. After understanding the case of zero bare mass, we will make brief remarks on the role of the bare masses.
Behavior At Infinity
The starting point of the analysis is to understand what happens in the semi-classical region of large |φ|.
For the potential energy V to vanish means that the φ i commute and so can be simultaneously diagonalized by a gauge transformation. This means for SU (2) that one can take
for some a i . The a i are defined up to a Weyl transformation, which exchanges the two eigenvalues of the φ i , and so acts as a i → −a i . The space of zeroes of V is thus a copy of
For a complete description of the moduli space of vacua, one must also include an extra circle, parametrizing a fourth scalar σ which is dual to the photon. The Weyl group (which acts by charge conjugation) multiplies also the fourth scalar by −1. So the space of vacua at the classical level is (R 3 × S 1 )/Z 2 , where the Z 2 multiplies all four coordinates by −1. The classical metric on the moduli space is a flat metric
In terms immediately relevant to this paper, the global anomaly pointed out in [8] would
show up as follows. If N f is half-integral, then the number of fermion zero modes in a monopole field would be odd. This appears to lead to a contradiction as amplitudes in a monopole field would change sign under a 2π rotation. The resolution of the paradox is not that the theory does not exist, but that when N f is odd, k is half-integral and in particular non-zero; as non-zero k gives the photon a mass, finite action monopoles do not exist. For G = U (1), there is no Weyl group and the classical moduli space is simply R 3 × U (1). For simplicity and to treat the two cases in parallel, we will postpone dividing by the Weyl group until the end of the discussion, and formulate the following as if classically one is on R 3 × S 1 . The region at infinity in R 3 is homotopic to a two-sphere. Thus, topologically we have at infinity a product S 2 × S 1 at the classical level. As one goes to infinity, the S 2 grows (radius proportional to |φ|) but the S 1 has a fixed circumference of order e. The S 2 is visible classically, but the S 1 , which appears via duality, is a more subtle part of the quantum story. The possibility exists that in the quantum theory, instead of a product S 2 × S 1 at infinity, one has an S 1 fiber bundle over S 2 . In fact, to describe such a fiber bundle, as noted in [5] , the classical metric should be changed to something like
where here B is the Dirac monopole U (1) gauge field over S 2 , and a priori s is any integer.
Because (2.4) differs from the classical metric only in terms of order e 2 , quantum loop corrections can be responsible for changing (2.3) to (2.4) and so for generating s = 0.
In fact, if A is the undualized U (1) gauge field, then the integer s would show up prior to duality in an interaction sǫ
; because it multiplies no power of e, this interaction could arise as a one-loop effect.
The integer s could thus, as was proposed in [5] , be computed from a one-loop diagram.
We will instead compute it mainly by counting fermion zero modes in a monopole field.
As background, and to help in interpreting the results, let us recall the detailed description of non-trivial S 1 bundles over S 2 . An S 1 bundle over any base B (with oriented fibers) is classified topologically by the Euler class of the bundle, which takes values in H 2 (B, Z); as H 2 (S 2 , Z) ∼ = Z, the possible bundles over S 2 are labeled by an integer s, which was introduced in (2.4). For B = S 2 , the possible non-trivial bundles may be described in the following standard fashion.
The basic example is simply the three-sphere, regarded as a fiber bundle over S 2 . Let u α , α = 1, 2 be two complex numbers with
The possible u α parametrize a copy of S 3 . If we set n = u σu, (2.6) with σ the usual Pauli σ matrices, then in a standard fashion one can show by consequence of (2.5) that n 2 = 1. Thus the map from u to n is a map from S 3 to S 2 . All n's arise, and for given n, u is unique up to a U (1) transformation
Thus the space of u's for given n is a copy of U (1) = S 1 ; the map from S 3 to S 2 exhibits S 3 as a fiber bundle over S 2 with fiber S 1 .
To introduce an arbitrary integer s, we begin now with S 3 × S 1 , labeling the S 1 by an angle ψ (0 ≤ ψ ≤ 2π), and divide by a U (1) group that acts by
Let L s be the quotient (S 3 × S 1 )/U (1) with the given U (1) action. Then L s maps to S 2 by forgetting ψ; as we have noted above, the quotient of u-space by u → e iθ u is S 2 . The fiber of the map to S 2 is a circle, so L s is a circle bundle over S 2 , for any s.
Let us next work out the topology of L s . We note that L 0 is the trivial bundle S 2 ×S 1 ;
in this case, the U (1) in (2.8) does not act on the second factor in S 3 × S 1 , and dividing by it projects the first factor to S 2 . In general, L −s is mapped to L s by ψ → −ψ, so they have the same topology. Finally, for any s > 0, L s is isomorphic to the "lens space" S 3 /Z s obtained by dividing S 3 by u α → e 2πik/s u α , k = 0, 1, . . . , s − 1. One sees this by using the θ in (2.8) to "gauge away" ψ, leaving a residual Z s gauge symmetry that acts on u.
The lens space L s has a manifest SU (2) × U (1) symmetry, where the SU (2) acts in the standard fashion on the u α and the U (1) acts by ψ → ψ + constant. Any circle bundle over S 2 with SU (2) × U (1) symmetry will be equivalent to L s with some value of s; we want a practical way to determine s. Suppose one is sitting at some point on S 2 , say n = (0, 0, 1). In a standard basis of the Pauli matrices, this corresponds to u α = (1, 0).
The point n = (0, 0, 1) is invariant under a U (1) subgroup of SU (2), consisting of rotations about the third axis; on the u α this acts by
The 1/2 is present because the u α are in the spin one-half representation of SU (2), and is consistent with the fact that e 2πJ = 1 in acting on n. Sitting at the point u = (1, 0), that transformation is equivalent (modulo a "gauge transformation" (2.8)) to that generated
So we get our criterion for determining the value of s: a rotation around a given point P ∈ S 2 acts with charge −s/2 on the S 1 fiber over P . In particular, such a rotation shifts
Since, in the case of gauge group G = SU (2), we are interested in dividing by the Weyl group, we should also discuss S 1 bundles over
In the quantum field theories we want to study, the Weyl group also acts on ψ (the dual of the photon) by α(ψ) = −ψ (and this is in any case needed for consistency with the "gauge invariance" (2.8)), so the circle bundles M s over RP 2 that we want are obtained simply by dividing L s by a Z 2 that acts as (2.11) on u and multiplies ψ by −1. We recall that in turn L s = S 3 /Z s , where Z s is generated by β : u α → e 2πi/s u α . So M s is the quotient of S 3 by the group generated by α and β. There is no loss of generality in assuming that s is even, say s = 2k, since if s is odd, by replacing the group generators α and β by α and αβ, one can reduce to the even s case (the point being that if β is of odd order, then αβ is of even order). The group generated by α and β is then a dihedral group Γ k characterized by the relations 12) where in the first relation −1 (which in our realization of the group acts by u α → −u α ) is understood as a central element of Γ k . In the correspondence between finite subgroups of SU (2) and the A − D − E series of Lie groups, the group Γ k corresponds to D k+2 , that is, to SO(2k + 4).
Behavior In A Monopole Field
One of the key aspects of 2 + 1 dimensional gauge theories is that, as first explained by Polyakov twenty years ago [9] , magnetic monopoles in unbroken U (1) subgroups of the gauge group can appear as instantons.
The contribution of such an instanton is obviously proportional to e −I , where I is the action of the instanton. A more subtle fact is that [9] if σ is the scalar dual to the U (1) gauge field, then the instanton contribution also has a factor of e −iσ , incorporating in the dual description the long range fields of the instanton. Beyond these general factors of e −(I+iσ) , there may be additional factors coming, for instance, from fermion zero modes.
For example [10] , in N = 2 super Yang-Mills theory, with the instanton being a solution of the Bogomol'nyi-Prasad-Sommerfeld (BPS) monopole equation, the instanton is invariant under half of the four supercharges; the others generate two fermion zero modes. The field I +iσ is the bosonic part of a chiral superfield. The effect of the fermion zero modes is that the function e −(I+iσ) must be integrated over chiral superspace, and is a superpotential rather than an ordinary potential.
In the present context of N = 4 super Yang-Mills theory, there are eight supercharges, of which half annihilate a supersymmetric instanton. As in [11, 12] , a supersymmetric solution in such a context will (if additional fermion zero modes are absent or can be absorbed) generate a correction to the metric on moduli space, rather than a superpotential. We first consider the minimal N = 4 theory, without hypermultiplets, in which the fermion zero modes are generated entirely by the unbroken supersymmetries.
As usual in instanton physics, it is essential to analyze the symmetries of the instanton amplitude. We recall that the N = 4 gauge theory in three dimensions has a symmetry group SU (2) R × SU (2) N × SU (2) E , with the supercharges transforming as (2, 2, 2). The BPS monopole is invariant under the rotation group SU (2) E (mixed with a gauge transformation) and under SU (2) R (which only acts on fermions). However, the choice of a vacuum expectation value of the φ i breaks SU (2) N to a subgroup U (1) N even before one considers monopoles; the BPS monopole is constructed using only a single real scalar in the adjoint, which can be chosen to be the field with an expectation value at infinity, and so the BPS monopole is invariant under U (1) N .
Under the unbroken group SU (2) R × SU (2) E × U (1) N , the supercharges transform as 
For future use, we can also now work out the value of s for a U (1) theory with hypermultiplets. There are no monopoles in the pure U (1) gauge theory, but by thinking of s as the coefficient of a one-loop amplitude, and the fields of the U (1) theory as a subset of the fields of an SU (2) theory, one can infer the result for U (1) from that for SU (2). The U (1) theory without hypermultiplets is free, so the vector multiplet contributes nothing.
The hypermultiplet contribution in the SU (2) theory with doublet hypermultiplets can be inferred from a one-loop diagram with the hypermultiplet running around the loop and external fields being vector multiplets. If we simply restrict the external fields to be in a U (1) subalgebra, then the SU (2) diagram with the internal fields being a doublet halfhypermultiplet turns into the U (1) diagram with the internal fields being a hypermultiplet of charge one. (In particular, if we embed U (1) in SU (2) so that the doublet of SU (2) has U (1) charges ±1, then a half-hypermultiplet of SU (2) 
The Metric On Moduli Space
Before comparing to results of [6] , and to expectations from string theory, let us ask what sort of metrics we expect on the moduli space M, for various N f . First we consider the case of gauge group SU (2). The starting point is the classical answer, the flat metric on
There is then a one loop correction to the structure at infinity, for N f = 2.
The effect of this correction is that "infinity" for N f = 2 looks not like ( in three dimensions is the "magnetic charge," the integer s that we already encountered at one loop. The s-wave mode of the scalar is related by self-duality of the metric to the "magnetic charge" so is likewise determined at one loop. Thus, the whole perturbation series is determined by the one-loop term plus the equations of hyper-Kahler geometry.
As in four dimensions, however, there can be instanton corrections to the metric, the relevant instantons here being BPS monopoles. For N f = 0, it is clear that instantons contribute to the metric. In fact, the non-derivative ψψψψe −(I+iσ) vertex described above is part of the supersymmetric completion of a correction to the metric. So there is a oneinstanton contribution to the metric for N f = 0. What happens for N f > 0? There will be hypermultiplet zero modes in a monopole field, so that the one-instanton field gives a vertex ψ 4 χ 2N f e −(I+iσ) (χ being fermion components of the hypermultiplet, of opposite U (1) N charge from ψ), which has too many fermions to be related by supersymmetry to the metric on M. A correction to the metric still might arise from an r-instanton contribution with r > 1. Since the U (1) N charge carried by vector or hypermultiplet zero modes could be determined from an index theorem and is proportional to r, an r-instanton contribution will give in the first instance a vertex ψ 4r χ 2rN f e −r(I+iσ) . However, in integrating over bosonic collective coordinates and computing various quantum corrections, ψ and χ zero modes of opposite charge might pair up and be lifted. This process might generate a vertex ψ 4 e −r(I+iσ) -which would be related by supersymmetry to a correction to the metric -if 2rN f = 4r − 4 or in other words
But we also need r to be a positive integer, since BPS monopoles only exist for such values of r. (Considering anti-monopoles instead of monopoles reverses all quantum numbers and leads to the same restriction on r; in fact, since the metric is real, there is an anti-monopole contribution if and only if there is a monopole contribution.) So the only cases are N f = 0 and r = 1, or N f = 1 and r = 2. 5 (The fact that only one value of r appears we take to mean that the exact metric is determined by this one contribution together with the non-linear Einstein equations.)
In sum, then, for N f = 0 we expect a metric with a perturbative contribution that gives s = −4, plus monopole corrections, and for N f = 1 we expect a metric with a perturbative correction that gives s = −2, plus monopole corrections. For N f = 2, the perturbative and monopole corrections both vanish, and the quantum metric should very plausibly coincide with the classical metric, that is, the flat metric on (
there is a perturbative correction at infinity, with s = 2N f − 4, and the monopole corrections vanish.
String Theory And Field Theory
Let us now recall the expectations from string theory [5] :
(1) For N f = 0, 1, the metric on moduli space is expected to be complete and smooth.
(2) For N f ≥ 2, one expects the metric to have a D N f singularity.
To clarify the meaning of the second statement, recall that for N f > 2, the D N f singularity is the singularity obtained by dividing C 2 by the dihedral group Γ N f −2 . This group was introduced earlier and is generated by elements α, β with α 2 = β N f −2 = −1
(the symbol −1 simply denotes a central element of the group), and αβ = β −1 α. For N f = 2, something special happens: D 2 is the same as A 1 × A 1 , or SU (2) × SU (2), so a D 2 singularity should be simply a pair of A 1 singularities, that is, Z 2 orbifold singularities.
Let us now make a preliminary comparison of the string theory statements with what we have learned from field theory. For N f > 2 we have found that topologically the moduli space M looks near infinity like C 2 /Γ N f −2 . (The metric near infinity on M does not look like the obvious flat metric on C 2 /Γ N f −2 .) We actually want to express the singularity near the origin rather than the behavior at infinity in terms of Γ N f −2 ; we will do this momentarily. Likewise, for N f = 2, the moduli space that we claim, namely (R
indeed has a pair of Z 2 orbifold singularities (from the two Z 2 fixed points on R 3 × S 1 ) as expected.
For N f = 2, a more precise comparison of the string theory and field theory results is possible. In fact, from string theory one can see why the moduli space should be (R 3 × S 1 )/Z 2 with the flat metric, just as we have found from field theory. There are many possible approaches to this result, but a quick way is to compactify M -theory on R 7 × K3 and consider a two-brane whose world-volume fills out R 3 × {p}, where R 3 is a linear subspace of R 7 and p is a point in K3. Consider the quantum field theory on the world-volume of this two-brane. The moduli space of vacua of this theory is the K3 manifold itself, which parametrizes the choice of p. By arguments as in [5] , in various limits in which heavier modes decouple, this theory will reduce at low energy to the threedimensional N = 4 super Yang-Mills theory with gauge group SU (2). In particular, in K3 moduli space, there is a locus in which the K3 looks like (T 3 × S 1 )/Z 2 with the flat metric.
Taking the T 3 to be large and restricting to a neighborhood of a Z 2 fixed point in T 3 , one gets a piece of the K3 that looks like a flat (R 3 × S 1 )/Z 2 . In this piece of the K3, there are two A 1 singularities, giving on R 7 a gauge symmetry SU (2) × SU (2) = SO(4), which will be observed as a global symmetry along the two-brane world-volume. The global symmetry means that the world-volume theory is the N f = 2 theory, and by construction its moduli space is (R 3 × S 1 )/Z 2 with flat metric, as was claimed above.
Comparison To Exact Metrics
To learn more, we compare now to what is known [6] about four-dimensional hyperKahler manifolds with an SO(3) symmetry of the appropriate kind. Assuming that one wants a metric with at most isolated singularities, the possibilities are extremely limited.
For a smooth manifold with these properties, there are only two possibilities. One (sometimes called the Atiyah-Hitchin manifold; it was studied in [6] because of its interpretation as the two-monopole moduli space) is a complete hyper-Kahler manifold N , with fundamental group Z 2 . Topologically, N looks like a two-plane bundle over RP 2 . The structure at infinity looks like L −4 /Z 2 , corresponding to a one-loop correction with s = −4. The other possibility, which we will call N , is the simply-connected double cover of N ; it is topologically a two-plane bundle over S 2 , and the structure at infinity looks like L −2 /Z 2 , corresponding to a one-loop correction with s = −2. Since we found s = −4 and s = −2 for the two cases -N f = 0, 1 -for which we expect a smooth metric, we propose that the N f = 0 theory has moduli space N , and the N f = 1 theory has moduli space N . 6 We will discuss in more detail the fundamental group and its physical interpretation later. Now let us discuss the possible singular metrics. According to [6] , a hyper-Kahler metric with the requisite sort of symmetry and only isolated singularities is severely constrained. Such a manifold is topologically C 2 /Γ, where Γ is a cyclic or dihedral subgroup of SU (2) (or if the metric is flat, Γ may be any finite subgroup). As for the metric on C 2 /Γ, it may be flat, but there is a more general possibility. As the space at infinity looks like S 3 /Γ, which is an S 1 bundle over S 2 or RP 2 , one can have a metric -a variant of the Taub-NUT metric -in which the S 1 approaches at infinity an arbitrary radius R. 7 R can be varied simply by multiplying the metric by a constant; the flat metric on C 2 /Γ is obtained in the R → ∞ limit. In the present problem, we want R of order e, since that is the circumference of the circle obtained by dualizing the photon.
Given that the SU (2) gauge theory with N f > 2 hypermultiplets has moduli space C 2 /Γ for some Γ, all that really remains is to identify Γ. But we have determined that at infinity the structure looks like
Hence the moduli space has a Γ N f −2 orbifold singularity at the origin. Since, in the association of subgroups of SU (2) with
, we have confirmed from field theory the string theory claim [5] that the theory with N f hypermultiplets has a D N f singularity.
It is easy to consider U (1) gauge theories in a similar way. We saw that the U (1) gauge theory with M charge one hypermultiplets has a one-loop correction with s = M , and that the moduli space at infinity looks like C 2 /Z M . Hence in this case, Γ = Z M , and there is a Z M orbifold singularity at the origin. This confirms the claim [5] that the U (1) theory with M charge one hypermultiplets has a Z M (or A M −1 ) singularity in the strong 6 The extra Z 2 symmetry of N which we mod out by to get N is the global symmetry of the microscopic N f = 1 theory, mentioned earlier, that prevents a one-monopole correction to the metric for N f = 1. That this symmetry acts freely on the moduli space -even in the strong coupling region -is related to the discussion of confinement that we give later. 7 There are a few subtleties here relative to assertions in [6] that reflect the fact that the authors of [6] wanted smooth metrics with an SO(3) N action, rather than SU (2) N . They therefore construct the Taub-NUT metric with a Z 2 orbifold singularity, and do not make explicit that it has a smooth double cover (acted on by SU (2) N instead of SO(3) N ) that can be divided by any cyclic or dihedral group Γ (the quotient is acted on by SO(3) N except in the case that Γ is cyclic of odd order). We here need these slight generalizations.
coupling region. For M = 1, this means that the moduli space is completely smooth. The metric for M = 1 is uniquely determined by the symmetries, smoothness, and asymptotic behavior to be the smooth Taub-NUT metric.
The Taub In fact, as a complex manifold, the Taub-NUT space for D N f is described by the equation
This has a D N f singularity at y = x = v = 0, for N f ≥ 2, and two A 1 singularities (at
If one simply sets N f = 1, the same formula does give the complex structure of N -though there is no longer a singularity. We will return to this formula for the complex structure in section three.
Some Physical Properties
We will use these results to discuss some physical properties of these models. We now turn to consider the significance of the fundamental group of N and N .
The N f = 0 theory has no fields with half-integral gauge quantum numbers, so it can be meaningfully probed with external charges in such a representation. Let us consider the fields that would be produced by such a charge. In terms of the photon, an external charge produces in 2 + 1 dimensions an electric field varying as 1/r; to be more precise, in Cartesian coordinates x a , a = 1, 2 with r = x 2 1 + x 2 2 , the electric field is E a ∼ x a /r 2 .
After performing a duality transformation, the external charge becomes a vortex for the dual scalar σ; that is, σ jumps by 2π in circumnavigating the external charge. The energy of such a vortex has a potential logarithmic infinity both at short distances and at large distances. The behavior at short distances should be cut off for our present purposes, but the behavior at long distances is physically significant; it reflects logarithmic confinement of electric charge in weakly coupled 2 + 1-dimensional QED.
To describe this situation in a more general language, we can say that along a circle that runs around the external charge, the fields make a loop in the moduli space M of vacua. If this loop is trivial in π 1 (M), then even in the low energy theory one can see that the "vorticity" produced by the external charge is not really conserved, and that the external charge can be screened. If the loop is non-trivial in π 1 (M), then the external charge cannot be screened in the low energy theory, though it is still conceivable that it can be screened by massive modes that have been integrated out in deriving the low energy theory.
For N f = 1, the loop produced by an external charge is automatically trivial in π 1 (M) since in fact M = N is simply connected. This is in accord with the fact that the N f = 1 theory has isospin one-half fields, so that external charges can be screened. For N f > 1, in order to make this argument, one has to decide how a low energy physicist would understand the singularities. However, at least for N f > 2 where the moduli space (being a cone C 2 /Γ) is contractible, it is plausible that a physicist knowing only the low energy structure would determine that the external charges can be screened.
For N f = 0, however, the answer is quite different. The loop C produced by an external charge is the generator of π 1 (N ), as we will see momentarily, so the external charge cannot be screened either in the low energy theory or microscopically. In showing that C is the generator of π 1 (N ), the point is that in the analysis in chapter nine of [6] , the fundamental group at infinity in the moduli space is generated by two circles, defined respectively by one-forms that were called σ 1 and σ 2 . (Loops wrapping once around these circles give our standard generators α and β of the fundamental group at infinity, which
for N is what we called Γ 2 .) Moreover, the metric was described in terms of functions a, b, and c. Since at infinity in the moduli space, b approaches a limit and and a and c diverge, it is the circle defined by σ 2 that corresponds in the semi-classical region to the photon and so to the loop C. On the other hand, on the exceptional RP 2 orbit, a = 0 and b = 0.
Hence the σ 1 circle can be contracted in the interior of N , and the σ 2 circle -that is the loop produced by the external charge -survives as the generator of π 1 (N ), as we wanted to show.
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One might ask, for N f = 0, what sort of confinement is observed in this theory.
As long as the vacua parametrized by N are precisely degenerate, the energy of a pair of external charges separated a distance ρ will grow only as log ρ, since the energy of a vortex configuration of massless fields has only a logarithmic divergence in the infrared; such a vortex configuration will form between the two external charges. However, suppose that one makes a generic small perturbation of the N f = 0 theory that lifts enough of the vacuum degeneracy so that a loop that generates π 1 (N ) cannot be deformed into the space of exact minima of the energy. (It does not matter whether the perturbation preserves some supersymmetry.) Then the fields on a contour that encloses one external charge but not the other cannot be everywhere at values that exactly minimize the energy. In such a situation, a sort of string will form between the external charges (one might think of it as a domain wall ending on them), and the energy will grow linearly in ρ. Thus, like the four-dimensional N = 2 theory [1] with N f = 0, the three-dimensional N = 4 theory with N f = 0 does not have linear confinement but gives linear confinement after a generic small perturbation.
Finally, note that the association here of confinement with π 1 (N ) is somewhat analogous to the association in some four-dimensional SO(N ) gauge theories of confinement with π 2 of a moduli space [14] .
Another issue of physical interest stems from π 2 of the moduli spaces. Since these groups are non-trivial, the low energy theory on the moduli spaces can have solitons.
There is no reason to expect these solitons to be BPS-saturated at the generic vacuum on the moduli space. Furthermore, their detailed properties can depend on higher dimension operators which are not considered in this paper. Nevertheless, the topology of the moduli spaces supports solitons which are localized excitations in the three-dimensional theory.
Their interest is related to the fact that most of the global symmetry of the theory does not act on the Coulomb branch of the moduli space. For example, all the light fields are invariant under the global SU (N f ) symmetry of the U (1) gauge theories or the SO(2N f ) of the SU (2) gauge theories. We claim that these solitons are in the adjoint representations of these groups. This is easiest to establish using the string theory viewpoint [3] [4] [5] . The Mtheory two-brane can wrap non-trivial two cycles to yield zero-branes which are SU (N f )
or SO(2N f ) gauge bosons. Our solitons can be interpreted as bound states of such a gauge boson with a two brane at a generic point in its moduli space. From a three-dimensional viewpoint, these solitons are bound states of the elementary hypermultiplets. They are bound by the logarithmic Coulomb forces to neutral composites. This situation is similar to current algebra in four dimensions. There, the non-trivial π 3 of the moduli space leads to solitons. Their topological charge is identified [15, 14] with the global U (1) baryon number, which exists in the microscopic theory. In both situations the global symmetry of the microscopic theory manifests itself through the topology of the moduli space.
Incorporation Of Bare Masses
We will now try to discuss the incorporation of bare masses for the hypermultiplets.
In four dimensions, the bare mass of a hypermultiplet is a complex parameter, with two real components, while in three dimensions a third parameter appears. This arises as follows. In four dimensions, the group that we have called SO ( is not clear at the moment. 9 We will here simply accept this principle and discuss its implementation for the SU (2) theory with N f doublets.
First we consider the case N f = 0. The moduli space N that we proposed is homotopic to the two-manifold RP 2 . As this is unorientable, the two-dimensional homology of this manifold has rank zero, and a closed two-form has no periods. Thus, there is no way to perturb this model to include mass parameters. That is just as well, since no hypermultiplets are present in the model. Now consider N f = 1. The moduli space N is homotopic to S 2 ; a closed two-form on this manifold has a single period, the integral over S 2 . Thus, a single "mass vector"
can be introduced, compatible with the fact that the model has N f = 1. In fact, the hyper-Kahler metric that is the appropriate deformation of N to include masses has been described explicitly by Dancer [17] . For N f > 1, the real homology of the resolution of the D N f singularity is known to have two-dimensional homology of rank N f , so that N f mass vectors can be introduced.
9 But note that for those three-dimensional N = 4 models that have been related to string theory [5] , which include those studied in detail in this paper, the fact that the periods of ω a vary linearly in the masses follows from the fact that the periods of the ω a are the natural coordinates parametrizing hyper-Kahler metrics on K3.
It is now by the way clear, even without solving for hyper-Kahler metrics as in [6] , that for N f > 2 the metric on the moduli space of vacua must be singular. An SO (3) action with three-dimensional orbits on a four-manifold constrains the topology so much that there could not be N f > 2 independent two-cycles, unless some or all are collapsed at a singularity.
Even though we have not determined the metric, it is easy to see how the masses affect the singularity of the moduli space. First, physically, we expect that if only k < N f masses vanish the singularity should be D k . Furthermore, if n masses are equal and non-zero we expect an A n−1 singularity (classically, upon adjusting the Higgs field to cancel the bare mass of some of the fields, we get a U (1) gauge theory with n massless hypermultiplets, which gives an A n−1 singularity, from which a Higgs branch emanates). This is exactly the behavior after the D N f singularity is blown up. The N f mass parameters are the parameters labeling the blow-up of the singularity.
Field Theory On R
In the remainder of this paper, we will mainly be studying four-dimensional N = 2
super Yang-Mills theory formulated on a space-time R 3 × S To begin with, we consider what happens for R much greater than the natural length scale of the four-dimensional theory (which is set by an appropriate bare mass, order parameter, or by the scale parameter Λ introduced in quantizing the theory). In this regime, one can borrow four-dimensional results. The moduli space of vacua in four dimensions is [1, 2] the complex u plane, where u = Tr φ 2 is the natural order parameter. The massless bosons are u and an Abelian photon, which we will call A. The effective action for A, in four dimensions, looks like
Here µ, ν = 1 . . . 4 are space-time indices, F µν = ∂ µ A ν − ∂ ν A µ , and
and θ are functions of u and were determined in [1, 2] . A key point in computing them was to interpret e and θ as determining the complex structure of an elliptic curve E. The most natural convention in defining E, in the case N f = 0, was explained on pp. 487-8 of [2] . E is the complex torus with τ parameter
E is isomorphic in other words to C/Γ, where Γ is the lattice in the complex plane generated by the complex numbers 1 and τ . For N f = 0, one can also conveniently use, as in [1] , an isogenous elliptic curve with τ replaced by τ /2, but this is awkward if one wishes to let
Once we work on R 3 × S To determine what happens in compactification on R 3 × S 1 R for very large R, we simply expand (3.1) in terms of fields that are massless in the three-dimensional sense.
These are the fourth component A 4 of the gauge field and also a three-dimensional photon A i , i = 1, . . . , 3 which is dual to another scalar σ. First of all, the gauge field A in (3.1) is normalized (see the discussion of eqn. (3.12) in [1] ) so that fields in the two-dimensional representation of SU (2) have half-integral charges, and the magnetic flux of a magnetic monopole is 4π. Because of the first assertion, and the fact that we are only dividing by the gauge transformations that are single-valued in SU (2), S 1 R A is gauge-invariant modulo 4π. We therefore write the massless scalar coming from A 4 as
where b is an angular variable, 0 ≤ b ≤ 2π.
The effective action becomes in terms of b and the three-dimensional photon
The next issue is to dualize the three-dimensional photon. To do so, introduce a twoform B ij with (in addition to standard gauge invariance A i → A i + ∂ i w) an extended gauge-invariance
where C is an arbitrary connection on a line bundle, and introduce also a scalar field σ with 0 ≤ σ ≤ 2π. Replace the F -dependent part of (3.4) by
The point of this is that if one first integrates over σ, then σ serves as a Lagrange multiplier, enabling one to set B = 0 modulo an extended gauge transformation (3.5); in this way one reduces (3.6) to the relevant part of (3.4). On the other hand, one can use the extended gauge invariance (3.5) to set F = 0, whereupon after integrating over B one gets a dual description with a massless scalar σ. The dual formula for the low energy action is in fact
This is a sigma model in which the target space is a two-torus E with the τ parameter given in (3.2). (Had we chosen to divide by the "big" group of gauge transformations, b would have been replaced by b/2, and τ by τ /2, giving formulas related to the other description of the N f = 0 theory.)
An overall multiplicative constant in (3.8) depends on exactly how one writes the effective action of a sigma model in terms of the metric of the target space, but the R dependence of V E is significant. We see immediately that near four dimensions, that is for R → ∞, the torus E is small.
One can likewise work out other terms in the effective action of the theory on R 3 ×S 1 R . For instance, on R 4 , the effective action for u is given by an expression
where g uu is a metric on the u plane computed in [1] . After compactification on S 1 R , one gets the three-dimensional effective action, in the large R approximation, simply by integrating over S With τ normalized as in (3.2), the appropriate family of tori is described by the algebraic equation
Therefore, the moduli space of the three-dimensional theory, for large R, is given by (3.11).
Actually, there are a few imprecisions here. A minor one is that the equation (3.11), for given u, does not describe a compact torus; one point on the torus is at x = y = ∞. This was not very important in the four-dimensional story, where only the complex structure of E u , which can still be detected even if a point is projected to infinity, was of interest.
But after compactification to three dimensions, every point on E u , including the point x = y = ∞, is an observable vacuum state of the theory. So if we want to be more precise, we should extend x and y to a set of homogeneous coordinates x, y, and z, and write the equation for E u in its homogeneous form:
We will omit this except when it is essential.
A more far-reaching point is that while in four-dimensions it suffices to describe x−y−u space as a complex manifold (since the complex structure of E u is all that one really needs), once one is in three dimensions, the moduli space M has a hyper-Kahler metric, and merely describing it as a complex manifold, as in (3.12), does not suffice. We must complete the description by finding the metric. We know the large R limit of the hyper-Kahler metric, from (3.7) and (3.10). Let us examine some aspects of that result with the aim of giving a formulation that makes sense for arbitrary R.
Note that, as the R dependence of (3.10) is inverse to that of (3.7), the volume form on the moduli space of three-dimensional vacua is independent of R, at least in the approximation of dimensional reduction from four dimensions. That volume form is in fact a constant multiple of db ∧ dσ ∧ g uu du ∧ du. This can be put in a more convenient form as follows. The differential form dx/y is invariant under translations on E, so it is a linear combination of db and dσ, with u-dependent coefficients. Hence |dx/y|
for some function of u. But in fact f (u, u) = g uu . For this, recall from [1] that
where da/du and da D /du are the periods of dx/y. On the other hand, from the Riemann
The conclusion, then, is that in terms of the holomorphic two-form
on M, the volume form, at least for large R, is just
R Dependence Of The Metric
Let us now go back to four dimensions as a starting point, and ask, from that point of view, what happens to the dynamics of the N = 2 theory when one compactifies from R 4 to
One still has ordinary, localized four-dimensional instantons. The main novelty is that one has in addition a new kind of instanton, namely a magnetic monopole (or a dyon) that wraps around S 1 R . The action of such an instanton, for large R, is I = 2πRM , where M is the mass of the monopole in the four-dimensional sense.
The moduli space M of vacua is a hyper-Kahler manifold. In one of its complex structures, the one exhibited in (3.12), M is elliptically fibered over the complex u plane.
Let us call this the distinguished complex structure.
In the distinguished complex structure, M is not a holomorphic function (rather, it is the absolute value of the holomorphic function a D + na where n is the dyon charge).
Therefore, it is impossible for monopoles to correct the distinguished complex structure of the moduli space. However, monopoles do contribute to the metric on M. In fact, for R = 0 these contributions were discussed in the last section, and the case R = 0 can be treated similarly. 10 Changing the metric on M without changing the distinguished complex structure means that the other complex structures on M will change.
So far, we have just given a heuristic reason in terms of monopoles that the distin- There is actually a natural rationale for a change in the metric of M due to monopoles.
The complex manifold M is smooth for N f = 0 as one can verify from (3.12). But, as was discussed in [12] in a related context, the metric obtained by dimensional reduction as in (3.7) and (3.10) is not smooth; there are singularities at points where the fiber E u has a singularity. Those are points at which the monopole mass goes to zero and monopole corrections cannot be ignored; it was proposed in [12] that the effect of the monopole corrections would be to eliminate the singularities and produce a smooth hyper-Kahler metric. For N f ≥ 2, M has orbifold singularities in its complex structure, as we will review below; in that case, one would propose that with monopole corrections included, the hyper-Kahler metric is smooth except for the orbifold singularities present in the complex structure. 10 In section two, we found in three dimensions that there were no monopole contributions for N f > 1, but this depended on a symmetry that is absent at R > 0.
So at this point, we know one complex structure on M, and we need a recipe to determine the smooth hyper-Kahler metric (or hyper-Kahler metric with orbifold singularities) for given R. Yau's theorem on existence of Ricci-flat Kahler metrics has analogs in the non-compact case [18] . The basic idea is that to determine a hyper-Kahler metric, given a complex structure, one needs (i) the non-degenerate holomorphic two-form ω, (ii) a two-dimensional class that should be the Kahler class of the metric, (iii) a specification of the desired behavior at infinity.
In the present case, we propose that these data should be as follows. We will assume that with an appropriate non-compact version of Yau's theorem, (i),
(ii), and (iii) suffice to determine a unique smooth hyper-Kahler metric on M (or a hyperKahler metric with only orbifold singularities forced by the complex structure). The most delicate question for physics is whether (i) and (ii), which we found in the large R limit, are actually exact statements about the quantum field theory. In the next section, we will use string theory to argue that this is so, but for now we take it as a plausible assumption.
In particular, we assume, according to (ii), that the area of E u diverges for R → 0; we will now see that this has interesting and verifiable consequences.
Comparison To Three Dimensions
In the last subsection, a proposal was made for the description of the hyper-Kahler moduli space M that arises in compactification of the N = 2 theory on S 1 R , for any positive R. Formally speaking, as R → 0, this should go over to the purely three-dimensional N = 4 theory, analyzed in section two. Our next goal is to make this connection.
Since we claim that the area of E u is 1/16πR, something must diverge in the limit R → 0; the E u cannot remain compact. We earlier exhibited the compactness of E u 's for N f = 0 by writing the equation in the homogeneous form
This compactness will have to disappear for R → 0, if our formula for the area is correct.
Here is another reason that the compactness must be lost. At R = 0, the moduli space has an SO(3) N symmetry which was extensively discussed in section two. Since SO(3) N rotates the complex structures, the full SO(3) N will not be manifest once one picks a distinguished complex structure. However, a U (1) subgroup, which preserves the distinguished complex structure, should be visible. In fact, one should see a C * that preserves the complex structure, of which the U (1) subgroup preserves the metric. But the complex surface (3.17) does not have a non-trivial C * action; such a group would have to map each E u to another E u ′ (because the holomorphic function u would have to be constant on the image of E u ) and hence to itself (since the different E u have different j-invariants), but a torus E u does not have a non-trivial C * action. So something must be deleted in order to find the C * action.
Suppose that we throw away the points with z = 0. After that we can scale z to 1 and reduce to affine coordinates x, y. This gives back the original description in which the points at x = y = ∞ are omitted:
Suddenly a C * action, with weights 1, 2, −2 for y, x, v, is apparent. Moreover, 11 (3.19) gives the complex structure of the Atiyah-Hitchin manifold N , which we have proposed as the moduli space of the N f = 0 theory in three dimensions! Thus, we propose that what must be deleted when R → 0 and the area of E u → ∞ are simply the points x = y = ∞. 12 We will now give many checks showing how a similar story works for N f > 0. We first consider the case of zero hypermultiplet bare mass, and then incorporate the bare mass for N f = 1.
11 According to p. 20 of [6] , N is the complex surface Y 2 = X 2 V + 1, and N is the quotient by the freely acting Z 2 symmetry X → −X, Y → −Y, V → V . To take the quotient, we introduce the Z 2 -invariant independent variables x = X 2 , y = XY (we need not introduce Y 2 since it equals X 2 V + 1 = xV + 1). In terms of x, y, and v = V , the equation
which then describes N . 12 Those points must be deleted before one can make the change of variables from x and u to x and v. In fact, in homogeneous coordinates a similar substitution v = x − uz fails to be an invertible change of coordinates at z = 0, where x and v fail to be independent.
For N f = 1, in affine coordinates, the result obtained in [2] was
After substituting v = x − u, we get For N f = 2, the result obtained in [2] was
After the substitution v = x − u, we get
with the expected C * action (weights 1, 0, 2 for y, x, v) and the two A 1 singularities (at y = v = 0, x = ±1) expected for the three-dimensional N f = 2 theory.
For N f = 3, the result of [2] was
The substitution v = x − u gives
which is a standard form of the A 3 or equivalently D 3 singularity, as expected.
Finally, for the N f = 4 theory with zero bare mass, one has
After linear transformations of x and u (that is replacing x and u by certain linear combinations that will be called x and v), this can be put in the form Note that all of these results depend on changes of variables -mixing x and u -that would be unnatural in four dimensions (where u is a physical field and x is a somewhat mysterious mathematical abstraction) but are natural in three dimensions where x and u are on the same footing.
Finally, let us consider the N f = 1 theory with a bare mass m. According to [1, 2] , the appropriate object in four dimensions is described by the equation
We proposed at the end of section two that the three-dimensional N f = 1 theory should be described by Dancer's manifold, whose complex structure (see the second paper cited in [17] ) is
These agree after the usual change of variables v = x − u and an obvious identification of λ and m.
Soft Breaking To
One of the main tools in [1] was to consider what happens what one adds to the theory a superpotential ∆W = ǫu, softly breaking the N = 2 supersymmetry to N = 1. The result was to produce two vacua with monopole condensation, a mass gap, and confinement.
We now want to ask what happens if one makes the same perturbation after compactification to three dimensions on S 1 R . A priori, because of the mass gap in four dimensions, one should find the same two vacua after compactification on S 1 R , at least if R is big enough.
To investigate this, we look for critical points of the superpotential
where the chiral superfield λ is introduced as a sort of Lagrange multiplier to enforce the constraint F = 0, where F = y 2 − x 3 + x 2 u − x is the quantity whose vanishing is the defining condition of E u . The equations for a critical point of W are
The equations (3.31) are conditions for a singularity of the fiber E u . They are precisely the conditions found in [1] for a vacuum state in the presence of the ǫu perturbation. They have two solutions, at y = 0, u = ±2, x = u/2. So we see that the two vacua found in [1] indeed persist after compactification on S 1 R . In the limit, though, of R → 0, a puzzle presents itself. In three dimensions, the ∆W = ǫu perturbation breaks N = 4 supersymmetry to N = 2, giving bare masses to fields that are not in the N = 2 vector multiplet. But the minimal N = 2 theory generates a superpotential [10] . It is uniquely determined by the symmetries of the theory to be
where Φ is an N = 2 chiral superfield which originates by duality from the massless vector multiplet. The superpotential (3.32) does not have a stationary point and therefore the theory does not have a vacuum -it runs off to infinity. How is this fact consistent with the above construction?
To resolve this point, we should be more precise about some of the above formulas, restoring the dependence on the four-dimensional gauge-coupling g 4 (µ) and the renormalization point µ (the scale parameter Λ is determined by Λ 4 = µ 4 exp(−8π 2 /g 4 (µ) 2 )). In the equation y 2 − x 3 + x 2 u − x = 0, the term linear in x is an instanton effect. To restore the dependence on g 4 , we should write
Now we introduce the three-dimensional gauge coupling, defined classically by 1/g
(Corrections to that formula hopefully do not matter for the qualitative remarks that we are about to make.) In terms of g 3 , (3.33) becomes The critical points are at x = ±η −1/2 . So for every non-zero η there are two vacua, but as η → 0, the vacua run away to infinity. In fact, our analysis leads to a new derivation of (3.32) for η = 0, if we identify e −Φ = ǫ/ x.
String Theory Viewpoint
In this concluding section, we will use the string theory viewpoint [3] [4] [5] to explain some crucial points that entered in sections two and three:
(1) If one compactifies from four to three dimensions on S 1 R , then varying R does not change the distinguished complex structure of M, which is the one in which M is elliptically fibered over the complex u plane. On the other hand, varying R does change the Kahler metric of M, in such a way that the area of the fibers is a multiple of 1/R.
(2) In three dimensions, the hypermultiplet bare masses correspond to periods of the covariantly constant two-forms ω a on the moduli space.
The starting point is to consider M -theory compactification on R 7 × K3. Then one considers a two-brane whose world-volume is R 3 × {p}, where R 3 is a signature − + + flat subspace of R 7 , and p is a point in K3. The quantum field theory on the two-brane world-volume is a 2 + 1-dimensional theory. The moduli space of vacua of this theory is a copy of K3, since p could be any point in K3.
On the other hand, this theory is dual to the Type I or heterotic string compactified on R 7 ×T 3 . Under the duality, the M -theory two-brane corresponds to a Type I five-brane wrapped over the T 3 (to give a two-brane in R 7 ). On the five-brane world-volume there is an SU (2) gauge symmetry. Therefore, suitable limits of this theory can look like SU (2) or (in the event of some high energy symmetry breaking) U (1) gauge theories in 2 + 1 dimensions.
The moduli space of M -theory on K3 is a product of two factors. One, a copy of R + , parametrizes the K3 volume and corresponds to the heterotic or Type I coupling constant. is interpreted as the moduli space M of vacua [5] , and the mass parameters correspond to periods that can be measured in M; that is the basic reason for (2) above.
As for the heterotic string on T 3 , it has a Narain lattice Γ In terms of M -theory on K3, this splitting can be accomplished by specializing to K3's that are elliptically fibered (over P 1 ) with a section. For such a K3, the fiber F and section S obey F · F = 0, F · S = 1, S · S = −2, and generate a Γ 1,1 subspace of the cohomology. On such a K3, there is a distinguished complex structure, the one in which the K3 is elliptically fibered. In any limit in which a piece of the K3 turns into the moduli space M of a field theory, M will inherit a distinguished complex structure in which it is elliptically fibered, explaining part of point (1) above.
In terms of K3, the compatibility of V + with the splitting Γ 19,3 = Γ 1,1 ⊕ Γ 18,2 means that the Kahler form is an element of R 1,1 (while the real and imaginary parts of the holomorphic two-form ω lie in Γ 18,2 ). The Kahler form is therefore dual to a linear combination of F and S, leaving two parameters of which one can be regarded as the overall volume of K3, while the second is the area of the fiber F . In the constructions of [3] [4] [5] , the volume of the K3 (or heterotic string coupling constant) does not correspond to an interesting modulus of the 2 + 1-dimensional or 3 + 1-dimensional field theories, so we just fix it. The remaining moduli are then the area of F (which is varied while keeping fixed the volume) and the choice of the complex structure of the elliptic fibration, which is equivalent to the choice of the linear subspace generated by ω ∈ Γ 18,2 ⊗ Z C.
In the duality between M -theory on K3 and the heterotic string on S 1 ×T 2 , if we want the S 1 radius to go to infinity, we must take the area of F to zero. The remaining moduli are then only the choice of ω. That is why, once one gets to four-dimensional quantum field theory, with M being a piece of K3, one sees precisely a complex structure on M in which M is elliptically fibered and no other data.
If, however, one want to get quantum field theory on R 3 × S 1 , with a finite radius of S 1 , one is free to vary the area of F , while keeping fixed the volume form and complex structure. So, as stated in (1) above, the extra modulus one gets upon compactification on S 1 R is the ability to vary the area of the elliptic fiber in the hyper-Kahler metric, while keeping fixed the volume form and distinguished complex structure on the moduli space.
The relation between the radius of S 1 R and the area of the fiber F can be worked out as follows. In the duality between M -theory on K3 and the heterotic string on S 1 ×T 2 , the wrapping number of two-branes on F is dual to the momentum along the S 1 . A two-brane wrapped on F has an energy which is a multiple of the area of F , while a massless particle with minimum non-zero momentum along S 1 has energy 1/R. So under the duality, the area of F is mapped to a constant times 1/R, explaining the last assertion in (1) above.
